The eight nonisomorphic Drinfel'd double (DD) structures for the Poincaré Lie group in (2+1) dimensions are explicitly constructed in the kinematical basis. Also, the two existing DD structures for a non-trivial central extension of the (1+1) Poincaré group are also identified and constructed, while in (3+1) dimensions no Poincaré DD structure does exist. Each of the DD structures here presented has an associated canonical quasitriangular Poincaré r-matrix whose properties are analysed. Some of these r-matrices give rise to coisotropic Poisson homogeneous spaces with respect to the Lorentz subgroup, and their associated Poisson Minkowski spacetimes are constructed. Two of these (2+1) noncommutative DD Minkowski spacetimes turn out to be quotients by a Lorentz Poisson subgroup: the first one corresponds to the double of sl(2) with trivial Lie bialgebra structure, and the second one gives rise to a quadratic noncommutative Poisson Minkowski spacetime. With these results, the explicit construction of DD structures for all Lorentzian kinematical groups in (1+1) and (2+1) dimensions is completed, and the connection between (anti-)de Sitter and Poincaré r-matrices through the vanishing cosmological constant limit is also analysed.
Introduction
The relation between quantum groups and quantum gravity has been suggested from different viewpoints since the introduction of the former by Drinfel'd [1] more than three decades ago. In fact, quantum group symmetries have arised in different approaches to quantum gravity, such as the combinatorial quantization of gravity in (2+1) dimensions or path integral approaches like state sum models or spin foams (see, for instance, [2, 3, 4, 5, 6, 7, 8, 9] , and references therein). From a different point of view, quantum groups have also been introduced in order to describe the phenomenology of spacetimes in which the relativistic kinematical symmetries are modified by a Planck scale deformation. These approaches include noncommutative spacetime models like the one arising from κ-deformations of the Poincaré algebra (see, for instance, [10, 11, 12, 13, 14] ), doubly special relativity theories [15, 16, 17] and related phenomena like non-trivial momentum space [18, 19, 20, 21] .
While in any dimension quantum groups are natural candidates to describe the symmetries of a quantum theory of gravity, in the case of (2+1) dimensions their role is much better understood. As it is wellknown, gravity in (2+1) dimensions is quite different from the full (3+1)-dimensional theory [22, 23] . The source of this difference can be traced back to the fact that in three dimensions the Ricci tensor completely determines the Riemann tensor. Therefore, every solution of the vacuum Einstein field equations is locally isometric to one of the three maximally symmetric spacetimes of constant curvature, (anti-)de Sitter or Poincaré, depending only on the value of the cosmological constant [23] . As a consequence, gravity in (2+1) dimensions is a topological theory in which gravitational waves do not exist. In fact, (2+1)-dimensional gravity admits a description as a Chern-Simons theory with gauge group given by the group of isometries of the corresponding spacetime model [24, 25] . In this context the phase space structure of (2+1)-gravity is related with the moduli space of flat connections on a Riemann surface whose symmetries are given by certain Poisson-Lie (PL) groups [26, 27] , which are known to be the semiclassical counterpart of quantum groups. The relevant Poisson structure on this space admits a natural description in terms of coboundary Lie bialgebras associated with the gauge group. It is the presence of these PL groups playing the role of classical symmetries what makes clearer how quantum groups should enter in the game.
Given the above considerations, while the generic role of PL and quantum groups in (2+1)-gravity is clear, the question of which quantum deformations are the relevant ones from the physical viewpoint is a matter of intense investigation [28, 29, 30, 31, 32, 33] . In this context, both Lorentzian and Euclidean groups have been considered [7, 29, 30, 34, 35, 36, 37, 38] . Moreover, there is evidence that relevant quantum deformations are the ones coming from a classical r-matrix arising from a Drinfel'd double (DD) structure, since this ensures that the Fock-Rosly condition is fulfilled, thus allowing a consistent definition of the Poisson structure on the moduli space of flat connections (see [39] and references therein). These works made evident that a systematic study of all the possible DD structures for the isometry groups of spacetime models for (2+1)-gravity was needed. However, while the DD structures for the (anti-)de Sitter groups have been fully described [39, 40, 41, 42] , that is not the case for DD structures for the Poincaré group, thus preventing the complete understanding of Lorentzian DD structures and their relationships under Lie bialgebra contraction procedures [43] , for which the inclusion of the cosmological constant Λ as an explicit parameter has been proven to be very useful.
In this context, another directly related problem is the construction of Poisson (resp. quantum) Lorentzian spacetimes in such a way that their covariance properties can be appropriately generalized when the kinematical groups are promoted to PL (resp. quantum) ones. This implies the characterization and explicit construction of Poisson Lorentzian spacetimes, and it turns out that among all posible PL structures on the kinematical group G, only some of them will allow the definition of the associated Poisson Lorentzian spacetime M = G/H through the canonical projection G → M . Within this framework, to impose the stabilizer H of a point of the homogeneous space to be a Hopf subalgebra (i.e. a Poisson/quantum subgroup) turns out to be too restrictive [44] and the coisotropy condition for H turns out to be the relevant one (see [45] and references therein). Moreover, such coisotropy condition admits a precise characterization at the Lie bialgebra level, which is helpful in order to characterise physically relevant quantum deformations, as it has been recently shown in [45, 46] . With all the above in mind, the main objectives of this paper are three-fold:
• Firstly, to fill the gap concerning Lorentzian DD structures by constructing explicitly the full set of DD structures for the (2+1)-dimensional Poincaré group. This will be based on the classifications given in [47] and [48] , and thus completing in this way the previous works [39, 40, 41, 42] in which all the DD structures for the (2+1) (anti-)de Sitter Lie algebras have been presented. The connection between the latter results and the Poincaré DD structures here presented will also be analysed through Lie bialgebra contraction techniques.
• To construct the Poisson Minkowski spacetimes corresponding to the five coisotropic Lie bialgebras that come from the Poincaré DD structures that we have previously obtained. Two of them will be of Poisson subgroup type, and the features of their associated noncommutative Minkowski spacetimes will be analysed.
• Finally, to address the (1+1)-dimensional case by enlarging the (1+1) Poincaré algebra with a (nontrivial) central generator in order to have an extended even-dimensional Lie algebra. Surprisingly enough, this extended algebra can be endowed with two different DD structures, whose Poisson Minkowski spacetimes are also constructed. This completes the study of DDs for the Poincaré group, since it is well-known that in (3+1) and higher dimensions the Poincaré Lie algebra does not admit any DD structure due to the lack of a nondegenerate symmetric bilinear form, which is essential for the definition of an appropriate pairing.
The structure of the paper is the following. In the next section we summarize all the basic background material needed for the paper: the notion of DD Lie algebra and its connection with Lie bialgebra structures, PL groups, Poisson homogeneous spaces, quantum groups and quantum spaces. Section 3 is devoted to present a first DD structure for the (2+1) Poincaré group which comes from the trivial Lie bialgebra structure of the sl(2, R) algebra, which is the algebraic structure underlying the noncommutative spacetime arising in (2+1) Lorentzian quantum gravity with vanishing cosmological constant (see [49, 50] ; in the Euclidean case, the corresponding DD structure was studied in [30, 51, 52, 53] ). This example is described in full detail, including the explicit construction of the PL structure for the Poincaré group which is associated with this DD. The corresponding Poisson homogeneous Minkowski spacetime is also presented, which turns out to be linear and isomorphic to the so(2, 1) Lie algebra. In section 4 we recall the complete classification of DD structures for the (2+1) Poincaré algebra given in [47, 48] , where eight nonisomorphic cases are shown to exist. For each of them we provide in section 5 a change of basis to the kinematical generators of the (2+1) Poincaré algebra, and we relate our results with the complete classification of classical r-matrices for the (2+1) Poincaré algebra given in [54] , which is summarized in the Appendix. Furthermore, we present the kinematical version of the associated canonical Poincaré r-matrices, and the Poisson Minkowski spacetimes associated with the five r-matrices fulfilling the coisotropy condition are explicitly constructed. In section 6 we study the contraction scheme that provides those Poincaré DD r-matrices that can be obtained as the vanishing cosmological constant limit Λ → 0 of the (anti-)de Sitter DD r-matrices given in [39] . By following the same pattern, section 7 presents the two possible DD structures for the one-dimensional central extension of the (1+1) Poincaré algebra, together with its associated r-matrices and extended Poisson homogeneous Minkowski spacetimes. Finally, a concluding section closes the paper, where we emphasize that the plurality of DD structures makes the (2+1) Poincaré algebra a quite distinguished one among all kinematical groups. The problem of finding DD structures for other kinematical algebras and other dimensions (including some non-existence results), as well as several open research lines are also commented. 
Therefore, g = span{Y 1 , . . . , Y d } and g * = span{y 1 , . . . , y d } define two Lie subalgebras with structure constants c k ij and f ij k , respectively. The triple (g, g * , a) is called a Manin triple, and the (classical) DD is the unique connected and simply connected Lie group G with Lie algebra given by a. The Lie algebra a is said to be the double Lie algebra of g and of its dual Lie algebra g * . This duality is defined with respect to the nondegenerate symmetric bilinear form , : a × a → R given by
which is 'associative' or invariant in the sense that
For any pair of structure constant tensors c k ij and f ij k , the universal enveloping algebra U (a) of a double Lie algebra has the following quadratic Casimir element 4) which is directly related to the bilinear form (2.2). Note that U (a) may of course have other Casimir elements in addition to C.
A given even-dimensional Lie group G with Lie algebra a can have several DD structures or no DD structures at all, i.e. several splittings of a of the form (2.1) that are nonisomorphic in the sense that they cannot be transformed among them by a change of basis that preserves the full DD structure, including the pairing (2.2) (see [48] for the complete classification of real 6-dimensional DD structures). Note that the DD of g and g * is always isomorphic to the DD of g * and g.
The existence of a nondegenerate symmetric bilinear form (2.2) for a given even-dimensional Lie algebra is thus a necessary condition for the existence of DD structures. As it is well-known, the (3+1) Poincaré algebra does not have such a nondegenerate bilinear form (see, for instance, [55] ), a fact that precludes the existence of DD structures for this group. On the contrary, such a nondegenerate pairing does exist for both the (2+1) Poincaré algebra and for the centrally extended (1+1) Poincaré algebra, and their explicit construction and analysis will be the main objective of the paper.
Lie bialgebras and Drinfel'd double structures
A Lie bialgebra (g, δ) is a Lie algebra g endowed with a skew-symmetric cocommutator map δ : g → g ⊗ g, fulfilling the two following conditions:
It turns out that DD Lie algebras are in one-to-one correspondence with Lie bialgebra structures (g, δ) on g, by endowing the first Lie subalgebra g with a skew-symmetric cocommutator map defined by the structure constants for g * , namely
In fact, the Jacobi identity for the DD Lie algebra (2.1) is just the 1-cocycle condition (2.5) for the cocommutator map δ with respect to the Lie algebra g, which provides the following compatibility equations among the structure constants c Moreover, each DD structure for a Lie algebra a generates a solution r of the classical Yang-Baxter equation (CYBE) on a, which is provided by the canonical classical r-matrix
Therefore, if a is a finite-dimensional DD Lie algebra, then it can be endowed with the (quasitriangular) coboundary Lie bialgebra structure (a, δ D ) given by
It is worth remarking that (g, δ D ) and (g * , δ D ) are sub-Lie bialgebras of (a, δ D ). It is also important to stress that the cocommutator δ D is skew-symmetric, and therefore it depends only on the skew-symmetric component r ′ of the r-matrix (2.8), given by
This is explained by the fact that the symmetric component Ω of the r-matrix is just the tensorized form of the quadratic Casimir element of a (2.4), namely
and we have that
Expression (2.12) is just the Fock-Rosly condition for the r-matrix defining a PL structure on the extended phase space of holonomies in order to be compatible with the requirements of a Chern-Simons (2+1) gravity theory with gauge group given by the Lie group associated with a (see [27, 56, 57] and references therein). Therefore, DD structures for the Lorentzian kinematical groups (Poincaré and (anti-)de Sitter) play a relevant role in (2+1) gravity coupled to point particles.
Poisson-Lie groups and Poisson homogeneous spaces
For a coboundary PL group G, its Poisson structure Π on G is given by the so-called Sklyanin bracket [58] 14) which is written in terms of the components r ij of the classical r-matrix and the left-and right-invariant vector fields ∇ L i , ∇ R i on the Lie group G. A well-known result by Drinfel'd [59] ensures that PL structures on a simply connected Lie group G are in one-to-one correspondence with Lie bialgebra structures (g, δ) on g = Lie (G), and in the above coboundary case δ(X) = (ad X ⊗ 1 + 1 ⊗ ad X ) (r), where r ∈ g ∧ g is a solution of the modified CYBE.
A Poisson homogeneous space (PHS) of a PL group (G, Π) is a Poisson manifold (M, π) endowed with a transitive group action ✄ : G × M → M that is a Poisson map with respect to the Poisson structure on M and the product Π × π of the Poisson structures on G and M . In particular, let us consider a given spacetime M as a homogeneous space G/H generated by a kinematical group G and the corresponding isotropy subgroup H, whose Lie algebra will be denoted by h. A Poisson homogeneous spacetime (M, π) is constructed by endowing the kinematical group G with a PL structure Π (2.14), and the spacetime M with a Poisson bracket π that has to be compatible with the group action ✄ : G × M → M in the abovementioned sense.
We stress that, given a spacetime M = G/H, a plurality of PHSs can be defined, since G admits several PL structures Π (which is tantamount to say that g admits several Lie bialgebra structures (g, δ)). Their characterization was given by Drinfel'd, who proved that each PHS is in one-to-one correspondence with a Lagrangian subalgebra of the double Lie algebra D(g) associated with the cocommutator δ [60] . A distinguished subclass of PHSs is the one in which the bracket π can be just obtained as the canonical projection onto M of the PL bracket Π. At the Lie bialgebra level, it can be shown (see [45] for details) that this statement is equivalent to imposing the so-called coisotropy condition for the cocommutator δ with respect to the isotropy subalgebra h, namely
Furthermore, imposing the subgroup H to have a sub-Lie bialgebra structure satisfying δ (h) ⊂ h ∧ h leads to a more restrictive constrain than the 'true' coisotropic case (2.15), and implies that the PHS is constructed through an isotropy subgroup which is a Poisson subgroup with respect to Π.
Quantum groups and quantum spaces
Finally, we sketch the way in which DD structures and quantum deformations are linked through Lie bialgebras, since a given quantum universal enveloping algebra (U z (g), ∆ z ) of a Lie algebra g is a Hopf algebra deformation of the universal enveloping algebra (U (g), ∆ 0 ) 'in the direction' of a certain Lie bialgebra (g, δ) [58] . Explicitly, the cocommutator map δ that specifies the deformation is given by the skew-symmetric part of the first-order of the coproduct ∆ z in terms of the deformation parameter z, namely:
where σ is the flip operator
is a coboundary Lie bialgebra and (U z (g), ∆ z ) is a quasitriangular Hopf algebra, then the universal quantum R-matrix of the latter will be of the form R = I + z r + O(z 2 ), where r ∈ g ⊗ g is a solution of the CYBE. Also, the dual Hopf algebra to (U z (g), ∆ z ) will be the corresponding quantum group G q (where q = e z ), which is just the quantization of the PL group (G, Π) whose Poisson structure Π is given by r through the Sklyanin bracket (2.14). The quantization of a coisotropic Poisson homogeneous space (M, π) will give rise to the quantum homogeneous space M q , onto which the quantum group G q co-acts covariantly [44] .
All the previous ones are definitions for a generic Lie algebra g. When appropriate, and in order to emphasize the DD structure of the Lie algebra g, we will denote g ≡ a, and the Lie bialgebra will be the canonical one δ D coming from the DD structure. To summarise, if a Lie algebra a has a DD structure (2.1), then (a, δ D ) is automatically a quasitriangular Lie bialgebra with canonical r-matrix given by (2.8) and associated PL group given by (G, Π D ). Therefore, the quantum algebra (U z (a), ∆ z ) has δ D as its first-order deformation of the coproduct ∆ z , and the PHS (M, π D ) will be the semiclassical counterpart of the quantum homogeneous space induced by this quantum deformation.
The aim of this paper is to obtain all the DD structures for the Poincaré Lie algebra by making use of the complete classifications of four-and six-dimensional real DDs given in [47, 48] , and to construct explicitly their associated Poisson Minkowski spacetimes, which contain the essential information concerning the type of noncommutativity that can be expected for the corresponding quantum Minkowski spacetimes.
The (2+1) Poincaré algebra as D(sl(2, R))
To the best of our knowledge, the only DD structure for the (2+1) Poincaré algebra that has been studied so far in the literature is the 'trivial' one, i.e. the one that comes from the trivial (δ = 0) Lie bialgebra structure of the thre-dimensional sl(2, R) algebra [41, 50] (for its Euclidean counterpart coming from su(2) see [30, 51, 52, 53] ). In this section we recall the construction in detail of this DD structure, which is usually called D(sl(2, R)), and we will also provide all the technical aspects of the (2+1) Poincaré group (local coordinates and invariant vector fields) that will be needed in the rest of the paper.
Kinematical basis and r-matrices
It is well-known that all the Lie bialgebra structures for the (2+1) Poincaré algebra iso(2, 1) ≡ p(2 + 1) are coboundary ones [61] . The complete classification of nonisomorphic classes of r-matrices for p(2 + 1), which will be reviewed in the Appendix, is due to Stachura [54] (recall that the (3+1) classification was done by Zakrzewski in [61] ). In the kinematical basis we are going to work with, the commutation rules for the (2+1) Poincaré algebra are
where {J, K 1 , K 2 , P 0 , P 1 , P 2 } are, respectively, the generators of rotations, boosts, time translation and space translations. The two quadratic Casimir elements for this algebra are
Minkowski spacetime in (2+1) dimensions M 2+1 thus arises as the homogeneous space of the Poincaré isometry group ISO(2, 1) ≡ P (2 + 1) having the Lorentz subgroup H = SO(2, 1) as the isotropy subgroup of the origin, namely M 2+1 ≡ ISO(2, 1)/SO(2, 1). So we shall denote
A generic skew-symmetric element r in p(2 + 1) ∧ p(2 + 1) would be given by
where we have initially 15 possible 'deformation parameters', which are constrained by the set of quadratic equations arising from the modified CYBE: 
We recall that if [[r, r]] = 0 we have triangular Lie bialgebras. Since all the r-matrices that we will obtain from DD structures are quasitriangular ones, their Schouten bracket will be non-vanishing.
The 'trivial' Drinfel'd double structure
Let us consider the trivial δ = 0 Lie bialgebra structure for the g = sl(2, R) algebra, which means that g * is the three-dimensional Abelian algebra. If we take the following basis for sl(2, R)
together with a vanishing cocommutator map δ(Y i ) = 0, then the DD relations (2.1) lead to the 6-dimensional Lie algebra a with brackets
The change of basis 9) shows that this algebra is isomorphic to the (2+1) Poincaré algebra (3.1), and the canonical pairing (2.2) for the kinematical generators is given by
with all other entries equal to zero. Notice that the pairing is directly related with the Casimir C 2 (3.2).
Therefore, p(2 + 1) can be thought of as a DD Lie algebra a, which under the inverse change of basis
provides the canonical classical r-matrix (2.8):
By adding the tensorised Casimir C 2 (3.2), the r-matrix can be skew-symmetrized and yields
which is just Class (IV) in the Stachura classification [54] of (2+1) Poincaré r-matrices (see (A.10) in the Appendix where the translation of this classification in terms of the kinematical basis we are using throughout the paper is presented).
The r-matrix (3.13) is composed by three non-commuting twists, and the DD structure above described induces a quantum Poincaré algebra whose cocommutator map induced by r ′ is given by (2.9) and reads
14)
Consequently, the corresponding quantum Poincaré algebra for which δ D (J) gives the first-order deformation will have a non-deformed coproduct for the Lorentz sector, and the quantum deformation will be concentrated in the addition law for the translations sector.
It is also immediate to check that this Lie bialgebra is trivially coisotropic with respect to the Lorentz subalgebra h = span{J, K 1 , K 2 }, since δ D (h) = 0 and the Lorentz subgroup is a (trivial) Poisson subgroup. Therefore, the canonical projection of the PL structure on P (2+1) generated by r ′ (3.13) onto the Minkowski spacetime M 2+1 will give rise to a Poisson homogeneous Minkowski spacetime of Poisson subgroup type, whose quantisation will provide the noncommutative spacetime associated with this DD structure.
An so(2, 1) noncommutative Minkowski spacetime
In order to construct the Poisson bracket that defines the unique PL structure on the Poincaré group P (2+1) induced by the classical r-matrix r ′ (3.13), we shall make use of the following faithful matrix representation of the Poincaré Lie algebra, ρ : p(2 + 1) → End(R By taking {θ, ξ 1 , ξ 2 , x 0 , x 1 , x 2 } as the local coordinates on the group associated, in this order, with the Lie generators {J, K 1 , K 2 , P 0 , P 1 , P 2 }, the Poincaré group element is given by
which can be straightforwardly computed and reads
Note that this set of coordinates is defined in such a way that {x 0 , x 1 , x 2 } are just the local coordinates on the homogeneous Minkowski spacetime M 2+1 . Now, the PL structure Π D on P (2 + 1) is given by the Sklyanin bracket (2.14) where in this case the r ij are the components of the skew-symmetric r-matrix r ′ (3.13), and ∇
L(R) i
denote the left (right) invariant vector fields on the Poincaré group, which turn out to be
(3.20)
Therefore, the Poisson structure Π D is found to be This DD spacetime, together with its Euclidean E 3 counterpart giving rise to an so(3) algebra, have been previously studied in the literature (see [30, 50, 51, 52, 53] ). Both of them are Lie-algebraic spacetimes, and the representation theory of the corresponding algebra (so(2, 1) in the M 2+1 case and so(3) in the E 3 one) characterises their physical properties. On the other hand, we recall that the very same DD construction applied to the Drinfel'd-Jimbo Lie bialgebra structure for sl(2, R) was shown in [41] to give rise to a DD which is isomorphic to the (2+1)-dimensional anti-de Sitter algebra in which the deformation parameter η defining a non-trivial Lie bialgebra structure δ is related to the cosmological constant in the form Λ = −η 2 .
4 Nonisomorphic Drinfel'd double structures for p(2 + 1)
The DD structure studied in the previous section is by no means the unique one, and the three following sections will be devoted to the other seven DD structures that can be found for the (2+1) Poincaré algebra, together with their associated Poisson Minkowski spacetimes. The existence of all these DD structures can be traced back to the work [47] , where all the inequivalent three-dimensional real Lie bialgebra structures are classified, and to [48] where all six-dimensional nonisomorphic real DD structures were also classified.
In the notation from [47] we will be interested in the Lie bialgebra structures for three-dimensional real Lie algebras whose double Lie algebra a is isomorphic to so(2, 1)⋉ ad * R 3 ≃ p(2+1). There the cocommutator δ (2.6) for each three-dimensional Lie bialgebra is given by a classical r-matrix (which is denoted by χ) for a given three-dimensional real Lie algebra g, plus a non-coboundary contribution to the cocommutator which is denoted byδ, namely
In this notation, the DD structure described in the previous section (which is not included in [47] since the cases with trivial three-dimensional cocommutator are not considered) would be of the form (g, g * ) = (sl 2 , Abelian 3 ) with χ = 0,δ = 0. Also, this case would correspond in [48] to the DD denoted as (8|1), and in the rest of the paper we will call it 'Case 0'.
A very careful inspection and comparison of both classifications leads to the following seven additional non-trivial three-dimensional Lie bialgebra structures having p(2 + 1) as double Lie algebra:
• Case 1: (g, g * ) = (r 3 (1), sl 2 ) with χ = αe 0 ∧ e 1 ,δ(e 1 ) = e 0 ∧ e 2 (which corresponds to Nr. (3) from [47] and f (8|5.iii) from [48] , where the notation f () denotes the dual DD structure).
• Case 2: (g, g * ) = (r 3 (1), n 3 ) with χ = 0,δ(e 1 ) = e 0 ∧ e 2 (Nr. 10 from [47] and (5|2.ii) from [48] ).
• Case 3: (g, g * ) = (r ′ 3 (1), n 3 ) with χ = 0,δ(e 2 ) = λe 0 ∧ e 1 (Nr. 13 from [47] and (4|2.iii|b) from [48] ). Note that in [47] there is a misprint stating thatδ(e 1 ) = λe 0 ∧ e 2 .
• Case 4: (g, g * ) = (s 3 (0), r ′ 3 (1)) with χ = αe 0 ∧ e 1 ,δ(e 0 ) = λe 1 ∧ e 2 (Nr. (14') from [47] and (7 0 |4|b) from [48] ).
• Case 5: (g, g * ) = (r ′ 3 (1), r 3 (−1)) with χ = ωe 1 ∧ e 2 ,δ(e 2 ) = λe 0 ∧ e 1 (ωλ > 0) (Nr. 14 from [47] and f (6 0 |4.i|b) from [48] ). Note that in [47] there is a misprint stating thatδ(e 1 ) = λe 0 ∧ e 2 .
• Case 6: (g, g * ) = (r 3 (1), r 3 (−1)) with χ = ωe 1 ∧ e 2 (ω > 0),δ(e 1 ) = e 0 ∧ e 2 (Nr. 11 from [47] and f (6 0 |5.i) from [48] ).
• Case 7: (g, g * ) = (s 3 (0), r 3 (1)) with χ = e 0 ∧ e 1 ,δ = 0 (Nr. (11') from [47] and (7 0 |5.i) from [48] ).
Thus, we have in total eight different DD structures whose commutation rules are displayed in Table 1 . Notice that the double constructed from (g, g * ) is always isomorphic to the one arising from (g * , g). These eight DD structures for the (2+1) Poincaré algebra are nonisomorphic in the sense that for any pair of them there does not exist an algebra isomorphism that leaves the pairing (2.2) (and, therefore, the canonical classical r-matrix (2.8)) invariant. In the following section we will write all these DD structures in the kinematical basis (3.1), where the expression of each canonical r-matrix will be different, and will fall into a given class within the Stachura classification described the Appendix. This reflects the fact that the inequivalence of 6-dimensional DD structures is translated into the inequivalence of the associated 3-dimensional Lie bialgebra structures.
Drinfel'd double Poincaré r-matrices and Poisson Minkowski spacetimes
In the sequel we present, for each DD structure of the (2+1) Poincaré group given in Table 1 , an invertible transformation to the kinematical basis (3.1) in which the canonical quasitriangular r-matrix (2.8) is given. Also, the Poisson homogeneous Minkowski spacetime arising from the DD r-matrices is explicitly computed for the five cases in which the Lie bialgebra is coisotropic with respect to the Lorentz subalgebra.
Case 1
An isomorphism between the DD Lie algebra and p(2 + 1) in terms of the kinematical basis (3.1) reads 
From the canonical pairing (2.2) we get the same (3.10) up to a global sign:
By inserting the inverse of the basis transformation (5.1) into (2.8), the following classical r-matrix is found
And by subtracting the tensorized Casimir C 2 (3.2) from (5.3), one obtains the skew-symmetric r-matrix
which is a solution of the modified CYBE, that belongs to Class (I) in [54] . In particular, if we apply the automorphism given by
to r ′ 1 , we recover (A.4) with α = 1 (up to a global constant √ 2). The cocommutator derived from (2.9) is
Therefore, from the viewpoint of the construction of Poisson homogeneous Minkowski spacetimes, the Poincaré deformation induced by r ′ By making use of the results given in [31] , the DD r-matrix (5.4) can be thought of as a particular case of a more general solution of the modified CYBE that contains two independent real parameters α 1 , β 1 , namely
although only for the case with α 1 = β 1 the DD structure is recovered. This embedding allows for a more clear interpretation of the contributions coming from each term of the r-matrix. In particular, the associated Poisson Minkowski spacetime can be obtained by computing the Sklyanin bracket for (5.7) and afterwards by projecting to the Poisson subalgebra generated by the spacetime coordinates {x 0 , x 1 , x 2 }. A straightforward computation shows that the final result is
which is a noncommutative quadratic Poisson Minkowski spacetime, whose linear part is ruled by the parameter β 1 (and is just proportional to the one in Case 0 (3.13)) and comes from the dual of the cocommutator (5.6). The quadratic part of the bracket comes from the α 1 -contribution to the r-matrix, which is a triangular solution of the CYBE (a twist) of the type considered in [62] in (3+1) dimensions. Moreover, this twist is the one that generates the non-zero cocommutator for the Lorentz sector, thus being responsible of the Poisson subgroup structure of the isotropy subgroup. Hence, the Poisson Minkowski spacetime (5.8) can be regarded as a quadratic generalization of the Lie-algebraic one (3.21). As it is detailed in the Appendix, note that this is the only r-matrix for p(2 + 1) having a term living in h ∧ h. We also remark that the quantization of this Poisson structure is far from being trivial, due to the ordering problems arising from the quadratic terms.
Case 2
Now the Lie algebra isomorphism is given by
and the canonical pairing is again (3.10). The inverse of the basis transformation into (2.8) leads to
This r-matrix can be straightforwardly skew-symmetrized through the tensorized Casimir C 2 (3.2) yielding
and it can be shown to belong to Class (IIa) in [54] by applying the following automorphism to r 12) which leads to the r-matrix (A.5) with parameters ρ = α = 1 and term a = 0, namely
In this form, Case 2 can be clearly interpreted as the superposition of the 'space-like' κ-Poincaré deformation [43, 63] , coming from the r-matrix K 2 ∧ P 0 + J ∧ P 1 , along with a twist K 1 ∧ P 2 .
Next, by computing δ D , it can be shown that this DD structure generates a Poisson Minkowski spacetime fulfilling the coisotropy condition δ D (h) ⊂ h∧g. By taking into into account [31] , we find that the embedding of (5.11) into a more general solution of the modified CYBE is given by
with α 2 , β 2 ∈ R (the DD case corresponds to α 2 = β 2 ). The Poisson Minkowski spacetime turns out to be 15) which is linear and thus can be straightforwardly quantized.
Case 3
The Lie algebra isomorphism reads
and leads again to (5.2). The DD r-matrix is found to be
which by making use of the tensorised version of both Casimirs C 1 and C 2 (3.2) can be transformed into:
This r-matrix is shown to belong to Class (IIa) in [54] by applying to r ′ 3 the composition of the automorphism (5.12) and
In this way we obtain (A.5) with ρ = α = 1 but now with a term proportional to 1/λ. Hence the difference between Cases 2 and 3 relies on the 1/λ term, which precludes the coisotropy condition δ D (h) ⊂ h ∧ g to hold since, for instance,
Therefore, this condition is only fulfilled in the limit λ → ∞, which leads to the previous Case 2. Therefore the Poisson Minkowski spacetime for this case will not be constructed.
Case 4
The isomorphism
leads again to the (2+1) Poincaré algebra with pairing (3.10). The classical r-matrix is now 22) which can be fully skew-symmetrized by making use of both Casimirs C 1 and C 2 (3.2) yielding
This r-matrix belongs to Class (IIIb) in [54] , since r ′ 4 turns out to be proportional to the r-matrix (A.9) with ρ = 1 and term a = 0 under the automorphism
Again, due to the presence of the non-zero essential parameter λ (i.e., a = 0), this case does not fulfil the coisotropy condition (2.15).
Case 5
Here we have two different subcases due to the constraint ωλ > 0 (see Table 1 ): either ω > 0 and λ > 0 or ω < 0 and λ < 0. Although the isomorphism is different for each subcase, we shall show that the resulting r-matrices are the same in both of them.
As stated in [47] , ω can be rescaled to any non-zero value of the same sign and λ is an essential parameter. Therefore, if we set ω = 1/2 and hence λ > 0, the isomorphism is given by
and the pairing is (5.2). On the other hand, if ω = −1/2 and λ < 0, then
together with the same pairing (5.2).
Both subcases lead to the same classical r-matrix 27) which, by making use of both Casimirs, can be written in the skew-symmetric form 28) which is proportional to the r-matrix (A.9) with ρ = −1 and term a = 0, so belonging to Class (IIIb) in [54] . As in Case 4, the parameter λ precludes the coisotropy condition (2.15) to be satisfied.
Case 6
As the parameter ω > 0 can be rescaled to any positive real number, hereafter we take ω = 1/2. An isomorphism between the kinematical basis and the DD one is given by 29) with pairing (3.10). The corresponding inverse isomorphism gives rise to the classical r-matrix 30) and with the aid of C 2 we obtain
By making use of the automorphism
we find that r ′ 6 coincides (up to a factor 1/2) with the r-matrix (A.9) of Class (IIIb) with ρ = 1 but now with the term a = 0. This is a coisotropic Lie bialgebra, whose Poisson Minkowski spacetime reads 33) and its quantization is straightforward.
Notice that Cases 4 and 6 are, obviously, related since they are within the same Class (IIIb) with parameter ρ = 1. In fact, if we write r 
Case 7
Finally, the kinematical and DD basis are now related through
with pairing (5.2). The inverse isomorphism provides the classical r-matrix
By subtracting C 2 we find 36) which, under the automorphism 
whose quantization is also straightforward.
Therefore, by starting from the classification of Lie bialgebras given in [47] , we have obtained eight DD for the (2+1) Poincaré group. Table 2 summarizes our results: five of the classical r-matrices give rise to coboundary Lie bialgebras compatible with our algebraic conditions for δ D (h) (2.15), which guarantee that the Poisson bracket between Minkowski coordinates close a Poisson subalgebra. Among them, only Case 0 (trivially) and Case 1 turn out to be of Poisson subgroup type. 
We recall that the classification of (A)dS DD r-matrices in [39] was carried out in a basis with generators denoted {J 0 , J 1 , J 2 , P 0 , P 1 , P 2 }. There are four DD structures for so(3, 1) (cases A, B, C and D), and three for AdS so(2, 2) (cases E, F and G). Depending on the case considered, the relationship of this basis with the kinematical one used throughout the present paper is established by means of the following isomorphisms:
(6.2) By applying these transformations onto the brackets (2.3) in [39] , we find that the commutation relations for the (2+1) (A)dS Lie algebras adopt the form
Therefore, when Λ < 0 we recover the AdS Lie algebra so(2, 2), for Λ > 0 the dS algebra so(3, 1), and the contraction Λ → 0 gives the Poincaré Lie algebra in a basis which is just (3.1). Now, by using (6.1) and (6.2), we rewrite in the kinematical basis (6.3) all the DD (A)dS r-matrices obtained in [39] , namely
Now let us analyse the vanishing cosmological constant limit Λ → 0 of all these expressions. Firstly, we obtain that lim
which is just the Poincaré r-matrix (3.13) of Case 0 coming from the DD of sl(2, R) and trivial cocommutator. Secondly, we have that
which thus corresponds to Case 2 with the r-matrix expressed in the form (5.13). This, in turn, means that we have obtained a common DD r-matrix for the (A)dS and Poincaré Lie algebras that is just a twisted version of the 'space-like' κ-(A)dS and κ-Poincaré r-matrices studied in [42] .
Finally, cases B, D and G seem to give rise to divergencies in the limit Λ → 0. However we can rescale globally these r-matrices (the multiplication of a given r-matrix by a constant is also an r-matrix) in such a way that the limit does exist, namely
None of these limits provides a Poincaré r-matrix coming from a DD structure, and all of them belong to Class (V) in [54] (see (A.11)).
The extended (1+1) Poincaré algebra as a Drinfel'd double
Since the (1+1) Poincaré algebra
is odd-dimensional, no DD structure (2.1) can be defined within it. Nevertheless, if we consider the non-trivial central extension of the Poincaré Lie algebra iso(1, 1) = p(1 + 1) given by
2)
we will show in the sequel that the new central generator F allows the introduction of two non-equivalent DD structures. This extended algebra is also called the Nappi-Witten Lie algebra [64] and plays a relevant role in (1+1) gravity [65] . Casimir operators for the algebra (7.2) are given by: along with local coordinates on the Lie group {φ, ξ, x 0 , x 1 } associated with the generators {F, K, P 0 , P 1 }, respectively. Hence we obtain the group element
namely,
From it, left-and right-invariant vector fields on the P (1 + 1) group are found to be
In this context, we define the (1+1) Minkowski spacetime M 1+1 and its extended counterpart M
1+1
(see [46] ) as the following quotients by the Lorentz subalgebra h and by the trivially extended one h:
Two-dimensional real Lie bialgebras and their Drinfel'd double structures
The only two-dimensional non-Abelian real Lie algebra is the so-caled b 2 algebra with bracket
It is also known that there exists, up to isomorphism, three real Lie bialgebra structures δ for this algebra, which are the 'trivial one' with δ(Y i ) = 0 plus the two non-trivial ones given in [47] . As we will show in what follows, two of these Lie bialgebras have the centrally extended (1+1) Poincaré algebra (7.2) as its DD algebra. Explictly, with the notation used in [47] these two Lie bialgebras are:
• Case 0: (g, g * ) = b 2 , R 2 with χ = 0,δ = 0.
• Case 1: (g, g * ) = (b 2 , b 2 ) with χ = e 0 ∧ e 1 ,δ = 0.
The remaining two-dimensional real Lie bialgebra structure was shown in [66] to have as its DD Lie algebra a central extension of sl(2, R), which is just the centrally extended (1+1) (A)dS Lie algebra. Note that the classification of nonisomorphic four-dimensional real DD structures was also given in [67] .
Commutation rules for these two DD structures for p(1 + 1) are given in Table 3 , and in the following we will present these two structures in the kinematical basis, together with the associated classical r-matrices and (extended) noncommutative Minkowski spacetimes. We recall that the extended noncommutative Minkowski spacetimes studied in [46] come from a (different) trivial central extension of the (1+1) Poincaré group.
Case 0
A Lie algebra isomorphism is given by
that from (2.2) gives the following non-zero entries for the pairing 
By inserting the inverse isomorphism in (2.8) we obtain the classical r-matrix 13) and by subtracting the tensorized Casimirs C 1 (7.3) we obtain the skew-symmetric r-matrix
The DD cocommutator reads A two-parameter generalization of the r-matrix (7.14) fulfilling the modified CYBE is given by 16) with α 0 , β 0 ∈ R. The associated fundamental Poisson brackets for the coordinates {x 0 , x 1 , φ} (see (7.9) ) are obtained from the Sklyanin bracket and turn out to be 17) which are linear and can be straightforwardly quantized. Hence, although the Minkowski coordinates {x 0 , x 1 } Poisson-commute, the extended Minkowski spacetime {x 0 , x 1 , φ} defines a noncommutative structure, thus suggesting that the role of central extensions in noncommutative spacetimes deserves a deeper analysis along the lines presented in [46] . Notice also that for the DD spacetime, obtained when α 0 = β 0 , the Poisson algebra (7.17) is isomorphic to b 2 ⊕ R such that b 2 = span{φ, x 0 + x 1 } and R = span{x 0 − x 1 }.
Case 1
The Lie algebra isomorphism is now given by 18) and the pairing is exactly (7.12).
The inverse of the above isomorphism inserted into (2.8) gives rise to the classical r-matrix 19) and by subtracting the tensorized Casimir C 1 (7.3) we obtain the skew-symmetric r-matrix
The DD cocommutator is
which is of 'true' coisotropic type for both Minkowski and extended Minkowski spacetimes (7.9).
The r-matrix (7.20) can be generalized to the following two-parameter solution of the modified CYBE
with α 1 , β 1 ∈ R (the DD case corresponds to set β 1 = √ 2α 1 ). The associated fundamental Poisson brackets for the coordinates x 0 , x 1 , φ are given by
Therefore the first bracket defines the Poisson Minkowski spacetime and can be trivially quantized. We remark that this comes from the β 1 -term in (7.22) , which is a solution of the CYBE, that corresponds to the so-called 'null-plane' noncommutative Minkowski spacetime studied in [68] (see [69] for its (3+1) generalization). In light-cone coordinates x ± = x 0 ± x 1 the Poisson structure takes the simpler form
Interestingly enough, the Poisson extended Minkowski spacetime defined by the three brackets (7.23) is quadratic and cannot be straightfordwardly quantized. Notice that the α 1 -term in the r-matrix (7.22) is just the one for the above Case 0 (7.14) and, consequently, (7.22) can be regarded either as a generalization of Case 0 with additional deformation parameter β 1 , or as a generalized 'null-plane' Minkowski spacetime with additional parameter α 1 .
Concluding remarks
In this paper the complete set of DD structures for the Poincaré group in (2+1) dimensions and for its nontrivial central extension in (1+1) dimensions have been presented. For every nonisomorphic DD structure we have worked out an explicit isomorphism between the canonical basis in the double and the Poincaré kinematical basis. By making use of the classical r-matrices arising from the DD structures that fulfil the coisotropy condition with respect to the Lorentz subalgebra, we have constructed the associated DD Poisson Minkowski spacetimes. These results complete the chart of DD structures for the Poincaré group, since they do not exist in (N + 1) dimensions with N ≥ 3.
In the (2+1)-dimensional case, DD structures have a remarkable interest due to their connection with the Chern-Simons approach to gravity in (2+1) dimensions, in which the gauge group is identified with the isometry group. Indeed, it is the existence of a DD structure that guarantees the Fock-Rosly conditions for the r-matrix defining the Poisson structure on the phase space of the theory. We have explicitly constructed the eight nonisomorphic DD structures on iso(2, 1), displayed in Table 2 , meanwhile in [39] the four nonisomorphic DD structures for so(3, 1) and the three ones for so(2, 2) were deduced. Therefore, this paper completes the study of DD structures on the three Lorentzian kinematical groups in (2+1) dimensions, and shows how to connect Poincaré DD structures with (A)dS ones through the contraction induced by the vanishing cosmological constant limit Λ → 0. In particular, it is found that only two of the eight Poincaré DD r-matrices (Cases 0 and 2) can be obtained through such a contraction procedure.
For each of the eight different DD structures, we have also investigated whether the corresponding Lie bialgebra was coisotropic with respect to the Lorentz subalgebra, i.e. if the condition δ D (h) ⊂ h ∧ g holds. The result is that five out of the eight DD structures do fulfil this condition, as shown in Table 2 , thus providing five (noncommutative) Poisson Minkowski spacetimes. Only two of them (Cases 0 and 1) fulfil the stronger requirement of being generated by a Lorentz Poisson subgroup, i.e δ D (h) ⊂ h ∧ h. Case 0 is the DD obtained from a sl(2, R) Lie bialgebra with a trivial cocommutator map, and was previously known in the (2+1) quantum gravity literature. Interestingly enough, Case 1 gives rise to a quadratic Poisson Minkowski spacetime which, to the best of our knowledge, has not been considered previously in the literature and whose quantization deserves further study. The remaining three coisotropic DD structures (Cases 2, 6 and 7) provide noncommutative spacetimes of Lie-algebraic type, whose quantization is straightforward.
In (1+1) dimensions, only three nonisomorphic DD structures do exist and two of them correspond to the centrally extended (1+1) Poincaré Lie algebra p(1 + 1). The remaining four-dimensional DD Lie algebra leads to so(2, 1) ≃ gl(2, R) (see [66, 67] ), which is the centrally extended Lie algebra of isometries of (1+1) (A)dS spacetimes. For the two Poincaré structures the coisotropy condition holds and (extended) Poisson Minkowski spacetimes can be explicitly constructed. Moreover, in Case 0 the noncommutative Minkowski space is generated by a commutative Poisson subgroup, while the extended space is of Lie-algebraic type. Case 1 gives rise to the 'null-plane' noncommutative Minkowski spacetime, and its extended version is again defined by a quadratic Poisson algebra. Therefore, the study of DD structures for (1+1) Lorentzian groups has been also completed.
It is worth mentioning that the existence of DD structures for kinematical groups is ruled by the existence of a nondegenerate, symmetric, and 'associative' -in the sense of (2.3)-bilinear form. We stress that, in contradistinction with the rich variety of DD structures on the (2+1) Poincaré algebra, it is easy to see that in the (3+1) case no DD structures can be found, since no such bilinear form exists for iso(3, 1) (see [55, 70] ). Furthermore, neither the static, nor the Galilean and Newton-Hooke kinematical algebras admit any DD structure in (2+1) and (3+1) dimensions, and that neither Carroll nor the Euclidean Lie algebras admit DD structures in (3+1) dimensions. Thus, we have that the Galilean limit of all the DD r-matrices for iso(2, 1) obtained in this paper would lead (in case that such a limit does converge) to Galilean r-matrices which would not come from a DD structure. In this respect, we also point out that DD structures for the twice extended (2+1) Galilei algebra do exist, and one of them was fully constructed in [71] , thus providing a meaningful connection with previous quantum group models for Galilean (2+1) gravity [72, 73] . Indeed, it could happen that this 'exotic' Galilean DD could be obtained as the appropriate contraction of a relativistic DD structure for a twice (trivially) extended (2+1) Poincaré algebra, a problem that would also deserve some attention in the future.
Moreover, although no DD structure exists for iso (3, 1) , the problem of the classification of DD structures on both so(4, 1) and so(3, 2) is worth to be faced, and should be based in the classification of Lie bialgebra structures for 5-dimensional real Lie algebras. We recall that a first DD structure on so(3, 2) was fully worked out in the kinematical basis in [74, 75] . In fact, as proved in [76] , for kinematical Lie algebras in (N+1) dimensions (N ≥ 4), only for so(N + 1, 1), so(N + 2) and so(N, 2) such a suitable nondegenerate bilinear form does exist. Therefore these three Lie algebras could admit DD structures in higher dimensions.
Two more lines of research are suggested by the results here presented. The first of them arises from the fact that all the DD r-matrices that we have obtained are natural candidates for generating quantum Poincaré deformations which are quasitriangular Hopf algebras endowed with a quantum universal R-matrix. In this respect, the underlying DD structure should be helpful in order to construct such quantum Poincaré algebras and their associated quantum R-matrices. Note that both Cases 0 and 1 in (2+1) dimensions turn out to be particularly interesting, since for both of them the Lorentz subgroup would be promoted to a quantum subgroup once the full quantum Poincaré Hopf algebra had been constructed.
The second one points towards the well-known connection between Manin triples and the non-Abelian version of Poisson-Lie T -dual σ-models (see [67, 77, 78, 79, 80, 81, 82] and references therein). We recall that these σ-models for four-dimensional DDs were constructed in [67] , and among them we can find the two ones corresponding to our Cases 0 and 1 for the centrally extended (1+1) Poincaré group. In the same manner, T -dual σ-models having the (2+1) Poincaré group as their DD Lie group would be the ones that come from the eight DD structures presented in this paper. This 'eightfold' non-Abelian Poisson-Lie T -plurality would be worth studying, since -to the best of our knowledge-none of these eight σ-models with (2+1) Poincaré DD symmetry has been previously constructed in the literature.
with α = {0, 1}, ρ ≥ 0, α 2 + ρ 2 = 0, µ = 2α 2 , p ∈ R.
Class (IIc): b = α √ 2 −P 2 ∧(J +K 2 )+(P 0 −P 1 )∧K 1 −ρ(P 0 −P 1 )∧(J +K 2 ), a = a 01 P 0 ∧P 1 +a 02 P 0 ∧P 2 +a 12 P 1 ∧P 2 , (A.7) with α = {0, 1}, ρ ≥ 0, α 2 + ρ 2 = 0, µ = 0, p ∈ R.
Class (IIIa): b = 1 √ 2 (P 0 − P 1 ) ∧ K 1 , a = a 01 P 0 ∧ P 1 + a 02 P 0 ∧ P 2 + a 12 P 1 ∧ P 2 , (A.8)
with µ = 0, p ∈ R.
Class (IIIb): b = −P 0 ∧J −(ρ−1)P 1 ∧J −(ρ+1)P 0 ∧K 2 +P 1 ∧K 2 +ρP 2 ∧K 1 , a = a 01 P 0 ∧P 1 +a 02 P 0 ∧P 2 +a 12 P 1 ∧P 2 , (A.9) with ρ ∈ R * , µ = 2ρ 2 , p ∈ R.
Class (IV): 10) with µ = 2, p = 0.
Class (V): b = 0, a = a 01 P 0 ∧ P 1 + a 02 P 0 ∧ P 2 + a 12 P 1 ∧ P 2 , (A.11)
with µ = 0, p = 0.
As it is shown in Table 2 , we have proven that only four of the above classes contain DD structures. Among them, only Class (IV) is by itself a DD, while Classes (I), (IIa) and (IIIb) contain DD structures for some specific values of the parameters.
